We report on Fourier spectroscopy experiments performed with near-surface nitrogen-vacancy centers in a diamond chip. By detecting the free precession of nuclear spins rather than applying a multipulse quantum sensing protocol, we are able to unambiguously identify the NMR species devoid of harmonics. We further show that by engineering different Hamiltonians during free precession, the hyperfine coupling parameters as well as the nuclear Larmor frequency can be selectively measured with high precision (here 5 digits). The protocols can be combined to demonstrate two-dimensional Fourier spectroscopy. The technique will be useful for mapping nuclear coordinates in molecules en route to imaging their atomic structure.
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Nitrogen-vacancy (NV) centers in diamond have opened exciting perspectives for the ultrasensitive detection of nuclear magnetic resonance (NMR), with possible applications to molecular structure imaging and chemical nanoanalytics [1] [2] [3] . NMR signals are detected by placing an analyte on a diamond chip engineered with a surface layer of NV centers, and measuring the weak magnetic dipole fields of nuclei via optically detected magnetic resonance [4, 5] . Examples of the rapid recent progress in NV-NMR include the detection of small numbers of nuclei within voxels of a few (nm) 3 [6, 7] , the detection of multiple nuclear isotopes [8, 9] and naturally occurring adsorption layers [6] , the observation of surface diffusion and molecular motion [10, 11] , scanning imaging with < 20 nm spatial resolution [9, 12] , and the spatial mapping of up to 8 internal 13 C nuclei [13] . One of the far goals of NV-NMR is the detection and three-dimensional localization of individual nuclei in single molecules deterministically placed on the diamond chip [1, 13, 14] .
Sensitive detection of nuclear magnetic signals is possible with multipulse sequences that consist of a series of π pulses (see Fig. 1a ). These sequences act like a narrow-band lock-in amplifier [15] whose demodulation frequency f = 1/(2τ ) is set by the delay time τ between the pulses [14, 16, 17] . By varying τ a frequency spectrum of the magnetic field can be recorded. [3, 6-9, 12, 18] . These experiments have, however, also revealed some important shortcomings of the method, including a modest spectral resolution [2, 19] and ambiguities in peak assignments due to signal harmonics [18] . The fundamental reason for both effects is the indirect way nuclear spin signals are detected via their influence on the electronic spin.
A more natural way for measuring NMR signals is to observe the free nuclear precession in the absence of microwave or radio-frequency pulses, reminiscent of the "free induction decay" in conventional NMR Fourier spectroscopy. The free nuclear precession can be detected by performing two consecutive nuclear spin measurements and incrementing the duration t 1 between the measurements. Mamin et al. [2] have demonstrated Fourier NMR by an electron-nuclear double resonance technique. Laraoui et al. [19] and others [10, 11] have used two successive multipulse sequences to directly record the nuclear precession.
In the present work, we demonstrate two important applications of the free nuclear precession method: The unambiguous assignment of NMR peaks to nuclear isotopes, and a set of measurements for determining nuclear hyperfine couplings with high precision. By combining two free precession periods, we further demonstrate twodimensional Fourier spectroscopy [23] of nuclear spins. The presented techniques will be useful for mapping nuclear coordinates in more complex molecular structures.
The basic sequence of a free nuclear precession experiment is shown in Fig. 1b . The sequence consists of three propagators,
where U CP represents the traditional multipulse sequence [17] and U free = e −iH free t1 describes the period of free precession. H free is the free precession Hamiltonian that is varied in our experiments. (Note that we use units of angular frequency). The measured "signal" is the probability p that the initial quantum state |0 of the electronic sensor spin is recovered after the three propagations,
where |a = U CP |0 is the state after the U CP rotation. Eq. (2) contains the essence of the free precession measurement. While conventional multipulse spectroscopy detects the electronic evolution U CP , with the signal given by p = | 0|U CP |0 | 2 , the free precession sequence measures the nuclear evolution U free and simply applies U CP and U † CP to transform from and to the detectable electronic state |0 .
H free =  0,n S e I z + a || (S z I z + ¹⁄2S e I z ) (2) H free =  0,n S e I z + ¹⁄2a || S e I z (1) We now walk through the implementation of the three unitary rotations in some detail (see Fig. 1 ). For simplicity, we focus on the detection of a single nuclear spin I = 1/2. The basic free Hamiltonian in the absence of any pulses is
where a || and a ⊥ are the parallel and transverse hyperfine coupling parameters (see Fig. 1e ) [21, 22] , ω 0,n = γ n B 0 a ⊥ is the bare nuclear Zeeman frequency, γ n is the nuclear gyromagnetic ratio, B 0 is the magnetic bias field, S k , I k are 1 2 × the Pauli matrices (k = x, y, z), and where we are in the electron's rotating frame of reference.
(To include multiple nuclear spins, the Hamiltonian can simply be summed over the contributions of individual nuclei).
For the following, it is convenient to represent the quantum state of the coupled spin system by its density matrix σ. After initialization into |0 , the density matrix is σ 0 = |0 0| ⊗ I e = (S z + S e ) ⊗ I e , where S e and I e are 1 2 × the identity matrix. For the sake of brevity we will in the following omit S e and I e , such that
Next, we apply the U CP rotation. Here we use a CarrPurcell (CP) series of N equidistant π pulses that is sandwiched between two π/2 rotations. If the delay time τ between pulses is adjusted to one-half the precession period of the nuclear spin, τ = π/(ω 0,n + a || /2), the π pulse series generates a nuclear Rabi rotation with the effective Hamiltonian
and simultaneously rotates the electronic spin around z [24] . The overall effect of the U CP sequence (including the π/2 pulses) is
where φ = a ⊥ t/π and t = N τ . We notice that the U CP rotation creates two components: An electronic coherence S x , and a nuclear coherence S z I x that is conditional on the state of the electronic spin. We now consider the effect of the free nuclear precession. The evolution U free = e −iH free t1 modulates both S x and S z I x as a function of time t 1 , leading to oscillations in the signal p. If we restrict ourselves to Hamiltonians H free that commute with S z (see Fig. 1c for examples) , we can observe the separate evolutions of the electronic and nuclear spins,
= cos
To detect the free precession signal, we therefore simply need to record p as a function of time t 1 and pick out the desired nuclear (sin 2 φ) part of the signal. The latter can be achieved in several ways, for example by phase cycling (see Fig. 1b ) or by exploiting that the nuclear coherence is much longer-lived than the electronic coherence [19] .
Experiments were performed on an electronic-grade diamond chip with a ∼ 5 nm deep layer of NV centers created by 15 N + ion implantation at 2.5 keV (see Fig. 1d ). The chip surface was patterned with an array of nanopillar waveguides [25] in order to increase the photon count rate. The chip was integrated in a confocal fluorescence microscope equipped with a 532 nm excitation laser and 
free , except for (d,e) that used H (2) free (see Fig. 1c ). The nuclear species and multipulse harmonic are indicated for each spectrum.
a photon-counting module. Laser pulses of 1.5 µs were used to initialize and readout the state of single NV electronic spins, and microwave pulses passed through a lithographically patterned transmission line were used for spin manipulation. All measurements exploited the m S = 0 ↔ m S = −1 spin transition and were carried out in a bias field of approximately 0.18 T and at room temperature.
As a first application, we show that the U † CP U free U CP sequence can uniquely identify an NMR resonance and thereby resolve ambiguities with harmonics affecting traditional multipulse spectroscopy [18] . To demonstrate this, we first record an extended multipulse spectrum using a simple U CP sequence (Fig. 2a) . The spectrum shows many peaks caused by the resonances of nuclear spins in the vicinity of the NV center. Some of the peaks (c,d,g) can be tentatively assigned to 1 H , 13 C and 15 N by consulting Table I . The other peaks (b,e,f) have frequencies that are not found in the Table, and it is not obvious which nuclear species they belong to. Fig.  2 (b-g) shows spectra obtained with the U † CP U free U CP sequence. These spectra were recorded by tuning U CP (via adjusting τ ) to one of the peaks labeled in (a), measuring the free precession for a series of t 1 values, and performing a Fourier transform with respect to t 1 . We find that all Fourier spectra show peaks at expected NMR frequencies (Table I ) and that we are now able to uniquely identify all nuclear species.
By comparing the frequencies between corresponding peaks in the multipulse and Fourier spectra we can discriminate different harmonics of the multipulse sequence. We find that both "ordinary" harmonics created at f /k and "spurious" harmonics appearing at 2f /k and 4f /k are present (where k = 1, 3, 5, ...). Ordinary harmonics are expected resonances of the multipulse filter function [14, 16, 17] that lead to the same type of entanglement [Eq. (6)] as the fundamental signal. Spurious harmonics, by contrast, result from phase accumulation during π pulses and depend on many parameters, including π pulse duration and amplitude, detuning, and the number of pulses [18] . Despite the complicated evolution under U CP , spurious harmonics evidently generate some entanglement that leads to the appearance of a free precession signal. Fig. 3 shows another example of a multipulse spectrum alongside with two Fourier spectra. In the multipulse spectrum, three peaks are visible that partially overlap. The Fourier spectra reveal that the peaks are caused by the resonances of two nuclear species, including the second harmonic of a strongly-coupled 13 C and the fundamental signal of a proton ensemble.
As a second application, we demonstrate that the U † CP U free U CP sequence allows for precise measurements of the nuclear Zeeman frequency ω 0,n as well as the two hyperfine parameters a || and a ⊥ . A precise measurement of ω 0,n is important to assign the nuclear species and to resolve weak additional effects, such as chemical shifts or nuclear dipole couplings. and a ⊥ is critical for determining the relative locations of nuclei in a molecule [22] .
To measure ω 0,n and a || , we perform a free precession experiment without the central π pulse (Hamiltonian H (2) free in Fig. 1c) . The evolution U free now becomes conditional on the state of the electronic spin. If the electron is in state |0 , the hyperfine interaction is absent and the nucleus precesses with frequency ω 0,n . By contrast, if the electron is in state |1 , the hyperfine interaction is present and the nuclear precession frequency is ω 0,n + a || . Two peaks therefore appear reflecting these two frequencies (see Fig. 4a,b) . From the peak positions one can directly deduce separate values for ω 0,n and a || . By comparison, the conventional multipulse spectrum only shows a single, broad peak at ω 0,n + a || /2 (see Figure) .
Since the nuclear coherence is maintained for much longer than the electronic T 2 time (here T 2 ∼ 10 µs), the accuracy of the hyperfine measurement is greatly enhanced. The measurement precision is only limited by how long the free precession can be recorded, which in our experiments is set by the electronic T 1 time (here T 1 ∼ 0.2 ms) . We have used undersampling to acquire nuclear precession signals for periods up to t 1 = 200 µs (data not shown). This has allowed us to determine ω 0,n and a || with five digits of precision (see Figure) .
By applying a train of π pulses during the free precession period (Hamiltonian H (3) free ) we can also measure the transverse coupling parameter a ⊥ (see Fig. 4c,d ). The π pulses periodically flip the electronic spin between |0 and |1 and create a time-dependent hyperfine field that drives a nuclear Rabi oscillation with frequency a ⊥ /π, according to Eq. (5). Note that because the electronic spin is always in an eigenstate, no decoherence occurs and the Rabi oscillations can be driven up to the electronic T 1 time. By contrast, the multipulse signal shows a rapid decay limited by the electronic coherence time T 2 .
The two experiments can be combined to record twodimensional (2D) Fourier spectra [23] . 2D spectroscopy is an important technique in magnetic resonance for determining the connectivity in a spectrum [26] and it is an indispensable tool in biomolecular structure determination [27] . Here we demonstrate that a || and a ⊥ spectra can be correlated. During a first period t 1 we apply Hamiltonian H (1) free followed by a period t 2 of periodic π pulses with Hamiltonian H (3) free (see Fig. 1c ). We then increment the evolution times t 1 and t 2 to produce a twodimensional dataset that results, after a two-dimensional Fourier transform, in the spectrum shown in Fig. 5 . Although only two 13 C are mapped in this measurement, we expect that 2D spectroscopy will be very useful if larger molecules with many nuclei are to be analyzed.
In summary, the concept of "free nuclear precession" has been implemented to demonstrate several important ) is a simulation. The f1 dimension plots ω0,n + a || /2 and the f2 dimension plots a ⊥ /π. Dwell time was 120 ns (120 increments) for f1 and 2168 ns (40 increments) for f2. The peaks marked by * are present because the phase of the nuclear Rabi rotation was not perfectly adjusted.
new capabilities in diamond-based NMR spectroscopy. Spectral peaks could be uniquely assigned to nuclear isotopes, thereby resolving critical ambiguities with multipulse quantum sensing sequences. The method further permitted selective measurements of the nuclear Zeeman frequency ω 0,n and the hyperfine parameters a || , a ⊥ with 5 digits precision. The precision could be extended further by storing the state of the electronic sensor spin in a nuclear quantum memory during free precession, for example in the I = 1/2 15 N nucleus of the NV center [19, 28] . Two-dimensional Fourier spectroscopy was implemented and proposed as a potentially powerful tool for mapping nuclear coordinates in molecules.
